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« Effect of disorder on crumpling transition in graphene. A mechanism
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Graphene: monoatomic layer of carbon

First isolated and explored: Manchester (Geim, Novoseloyv, et al., 2004)
Nobel Prize 2010 (Andre Geim & Konstantin Novoselov)



Graphene samples

Suspended sample

Micro-mechanical cleavage

carrier mobility: up to ~20,000 cmZ/V's at 300K: ~200,000 cm?/V's at 4K
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Progress in manufacturing graphene

Graphene on
polymer support Released
polymer support

/ Polymer support
a

I

- Target substrate

Graphene on target

Cu etchant

Roll-to-roll production of
30-inch graphene films

for transparent electrodes
Bae et al. (Korea-Japan collaboration),

Monolayer graphene films grown by
chemical vapour deposition: QHE,
low resistance, high transparency




Progress in manufacturing graphene

Unzipping nanotubes: producing high quality nanoribbons
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From tight-binding approximation to Dirac fermions

K’ K

@ two sublattices: A, B (o Pauli matrices)
@ two valleys: K, K’ (T Pauli matrices)

@ massless Dirac Hamiltonian:
K: H=yop K': H==2s0"p

G = 4050y |



Clean graphene: band structure

Near the Dirac point:

H = hwok ea(k) = ahvk,
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Density dependence of conductivity:
graphene on substrate

— 20K
6k — 100K
\ — 180K

o (1/k)

Manchester (Geim, Novoselov et al.) '05

-50 25 4 50
V, (V)
Minimal conductivity

Linear density dependence
away from charge neutrality:

* Long-range Coulomb impurities
* Ripples
* Resonant scatterers

Ostrovsky, Gornyi, Mirlin '06




Minimal conductivity
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o of order e?/h

@ temperature independent =— no localization!
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Quantum Hall effect in graphene

- 300 K "
- 29T
- 2‘
=1 )
§ 2f gl
g 15 %
f—— 2 =
10+ M:I
e )
-B0 =30 1] S0 &0
i (10 am 2 ng
Novoselov, Geim et al '05 Novoselov, Geim, Stormer, Kim "07

Anomalous quantum Hall effect
e only odd plateaus: oz = (2n + 1)2e?/h
o QHE transition at zero concentration

@ visible up to room temperature!
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Density dependence of conductivity:

suspended graphene
Temperature dependence
(a) 8K of minimal conductivity:
Weaker disorder;
flexural phonons &
Before annealing Coulomb interaction
1(5K) = 28.000 cm*/Vs
(b) After annealing 3 1
“insulating” u(5K) = 170.000 cm?/Vs ] 3
- . D> 1" <
behavior ; <
90 K —~ | 7 g
150 K S 2M =
2 ~ | : -
;5 e /h 230K «metallic » 65 . 1010- « 500
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K. Bolotin, K.Sikes, J.Hone, H.Stormer, P.Kim, PRL (2008)
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Suspended graphene: flexural phonons

Ripples = ,shapshot” of flexural phonons

a1 YT

PRET T Lot

i s
hﬂm e
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Meyer, Geim, Katsnelson, Novoselov, Booth, Roth, Nature’07
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Graphene as elastic membrane

Elastic energy
1

u (I') , h (I‘) are in-plane and out-of-plane distortions

1 Strain
= 510iuj + Oju; + (9:h)(0;h)]  tensor

p~76-10""kg/ m” mass density of graphene
A~ 3eV/ A p~ 3eV/ AZ elastic constants
n =~ leV bending rigidity

Wila = 8|9 , Wiq =514 in-plane phonons

s =[2p+ N /o' ~2-108cm/s, s = (u/p)"/* ~1.3-108cm/s g



Flexural phonons (FP)

1 :
E, = 5 /dr {phz + k(AR)?

out-of-plane

h :
h(r) = Z \/ 2pweaS (bq T bi—q) € | flexural mode
q

9, g = Dq2 soft dispersion of FP

D= +/k/p=0.46-10"%cm?/s

15



Jlupuyeckoe OTCTyIJIeHHE — ppa3a u3 Bukuneauu:

......... 'paden He yaaBasoch co3gaTh A0 2005 roaa.
KpomMe ToOro, emé panHbme Obuio JOKA3aHO
TEOPETHUYECKH, 4dYTO CBOOOAHYI0O WHAEANbHYIO

ABYMEPHYIO IUIEHKY nToJy4uTh HEBO3MOMXHO Hu3-3a
HEeCTaOMJIbHOCTU OTHOCUTEJbHO CBOpPaYMBaHUAl HWJIU
CKpy4uBaHus [1]. TemioBble GJIyKTyalii IPUBOAST K
IUIaBJICHUI0O JABYMEPHOI'0 KpUCTa/Ula IpPU J0bou
KOHEYHOM TEMIIEPATYPEC eeerrrrsssans

[1] /lanoay . 4., lugpwuy E. M. Ctatnctnueckaa ¢usmka. — 2001

22222272
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Thermal fluctuations

bq — V qu—@lcpq Nq ~ \/T/ﬁwq > 1
h(r) = oL G()—(hh*)—l
(I‘)—Zq: eqis oA + ¢a) Q) = Nlqllq) = g

correlation function of FP

T [ d2q T for graphene at room
V (h3(r)) o \/ > / @ \/;L temperature: ,/7/, ~ 0.2

¥
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Quasielastic scattering by FP

» V = g1(Vh)?/2

Al = 2Ugy, Ay = Uggy — Uyy FP contribution to the
deformation potential

Veph =V +Va = g1uy; + g20A

91 ~ 30 eV deformation coupling constant,

ge ~ 1.5 eV coupling to gauge field ng a1 9o
Vir)="2 ), 5 sin(air + ¢q,) sin(@r + ¢, )

. Q1Q

Theory: ‘/Golden rule calculation

2 2N ~ 10-3
p 2 Theory yields unrealistic

h 24g°In (QTL) h » (too small) values of

conductivity !!!
Experiment: oph ~ 10 =+ 50 ﬁ
g1 ~ 5.3 dimensionless coupling N =4 spinxvalleys,

g _
V32 constant qr = T'/hv 18



Crumpling transition of membrane: key parameter /T

Crumpled phase, x /T 2 0 Flat phase, x /T & ©

0— O

Scaling of bending rigidity

din(k/T)
7 = B(/T)

NS,

crumpled
phase

K'/ D. Nelson, T. Piran, S. Weinberg Statistical
Mechanics of Membranes and Surfaces

—  (1989).
T Physics behind: anharmonic
coupling with in-plane modes

crumpling phase transition 19




For graphene x/T~ 30 evenfor T=300 K =» flatphase

Bending rigidity increases with increasing the
system size (or decreasing the wave vector ) :

K ~ |_77 P q 1 n - critical exponent (= 0.7)

F.David and E. Guitter,
f T Europhys. Lett. (1988)
B —mn, for K/T —
P. Le Doussal and
L. Radzihovsky, PRL (1992)

h ]_ in the thermodynamic
limit fluctuations are

NS
L L77/ 2 suppressed I critical behavior

of elastic properties

2—n/2 dispersion is modified

20



Theory of crumpling transition

F = f dPz {%(aﬂ,@mn.)2 — %(aaRaaR) + u(0,ROsR)? + U(achaaR)z}
a,B=1,..,D

d-dimensional space

Paczuski, Kardar, Nelson, PRL,1988

R (x) is d-dimensional vector

x is D-dimensional vector

For physical membranes d=3, D=2 D-dimensional

'y plane

»
>

Meanfield = R=¢x mbF = —¢2¢ 4 2¢%(u + Do)
t

0, for t < (0 crumpled phase

for ¢ > 0 flatphase

toxT.—T w > xT.—T

21



Flat phase (7<7T., £>0)
R=¢r r=x+u-+h,
|

in-plane and out-of-
plane fluctuations

u = (ul, ceey ’U,D), h = hl, cees hd—D

F= [ dPz {J—;(Ar)z + g(aaraﬁr — bap)? + %(aaraar - D)2}

w = €%, u = 4ué*, \ = 8ue?
A (T, —T), koxT,—T

Elastic constants turn to zero in the transition point

22



Strain tensor

UaB = % (8ar3,3r — 50:[-}) ~ % (6au5 + qua + 3ah3ﬁh)

F = /dDa: {g(Ah)2 —I—pu?j + %u?z}

Renormalization of elastic constants

d — 00, (1/d)— expansion

David, Guitter, Europhys. Lett. (1988), Radzihovsky, Le Doussal, J.Phys. (Paris) (1991)

23



Hubbard - Stratonovich —

_ decouples (or)* terms
transformation

_ [apx 17 2 i _ Tdf o, A 4
e-F(r};Tzf{dxﬂﬁ}e fd x{2T(ﬁr) + 5 Xap(0ardsr — dap) 1 Xap 2u+)u_)x“°‘

r =£X+0r

f{dﬁr}e_F(r)/T S dPx{Indet M~ xapdas— 51 (Xop— 2> Xae) }

AN 2 .
M = —xA* + 1T 04X ap083
First, we look for homogeneous solution for y:

: ’ t dPk 4 2
XaB = _ZX(Saﬁ > lndethfO (2m)D In (%k‘ +Txk)

24



Saddle-point equations

T2 1 [ dPk

g2 4 4 2
Ferr ox x(1 €)+2,u,—}—)\D D/, (zw)Dln(xk + T'xk?)

OF ¢z o 2T T / dPk 1
— 1 — _ =
ox 0= ot XQ;J, +AD D J (2m)P xk?+ Xfli
3Feff B - Y
o 0= &=0 logarithmically diverge for D=2

2
dé- T &> 0, for certain value of L
D=2—»> __—~— —
dA\ 47 3¢ $
Within this approximation flat phase is
A=1n(L/a) thermal T destroyed by thermal fluctuations

fluctuations
25



Renormalization of bending rigidity
David, Guitter, Europhys. Lett. (1988), Le Doussal, Radzihovsky, PRL (1992)

_ D)% 2 2 , A o

.F'(h u)

J hi(@)h;(—q)e”
ff’/ ( ;1)

G k T Interaction between in-plane and
0 k4 out-of-plane modes is neglected

{dhdu}
{dhdu}

Gij = (hi(@)hi(—q)) = = 3i;G(q)

However, such interaction dramatically change the
small g behavior of G(q) due to strong anharmonicity

\ 4

Anomalous scaling of bending rigidity 26



Integrate out the in-plane modes (D=2)

Fw) = 3 f s [athab-at 3 [ Goye [ oy

x R(k, k', q)(h_xhxiq)(hxrh_g_ /)]

Interaction between
R(k, k', q) = Ky [k x q]2 [k’ qu out-of-plane modes
q2 qZ k -q k! +q
Au(p + M)
K — g KD , .
’ (2)& + A) [kzij - (& ::gq]
GO — i )

de =(d— D) — oc KT k4 k k'

David, Guitter,
Europhys. Lett. (1988),

27



Self-Consistent Screening Approximation

Kq
0 0 - —
Gq _ Gq N Gq o~ Sy Ga
Gq-Q
GQ-q
Kq Ko/T KO/TO_ Kq
_____ . BTy ——— —
Gq
__ T 2T [ d&°Q [qx Q]
Gq = 2 + g 2iq = d. / 2m2 QA KqQGq-q Self-energy
(Ko/T) / d’Q [q x Q]* Polarization
K, = II, = Go-qG
T 14+ (Ko/T)Ilg : @2m2 ¢ T operator

d.=(d— D) — oc s



Universal scaling

T\° 1
11° : (—) »o0, forq—0

T 167 \»x/) ¢?
1 167 3¢\ 2
0 N _ 2
¢ <q, = (Ko/T)IT% > 1 :>Kq”n_g_ . (T) q
q. = Kol ultraviolet cutoff
C 202

2 |
qm%q‘l—ln ((—]5), for ¢ < g,

d q
2 qdc d 24 2 anharmonicity-induced
O = %8 In (—)
q

— 77 increase of bending

AN 4~ risdity N




Crumpling transition for d—

x_2 a1
dA_d% dAN ~ Ama

j~4 — %é' . rescaled bending rigidity

d% 25[ T ~ aT unstable

— Her = Q fixed point

agrees with David, Guitter,
Europhys. Lett. (1988),

2 . ) A 0 — Y cr For ¢y > X.r, membrane
600 — SO ~ remains in the flat phase in
24 cT the course of renormalization

30



d—>owo = np=2/d
d ~1 = self consistent screening approximation (SCSA)

(similar to SCBA in the theory of disordered systems)
P. Le Doussal, L. Radzihovsky, PRL (1992)

1
G(q) = (hqh:;) — g —fZ(q) » G(Q) X q4_n

>(q) is self-energy which should be found
self-consistently with the Green function

SCSA (d=3,D=2): 7 ~0.82

numerical simulations: 7~ 0.7-0.8

31



Effect of anharmonicity on transport properties

qc n P. Le Doussal,
I’ — %(q) ~ | — L. Radzihovsky,
q PRL (1992)

X T (q\" Z~ 3.5,
Gq: (hqhq> =Z— (_) ) for q < qc K. V. Zakharchenko

4
4= \ e etal PRB (2010)

dc = TAC: A

2 2
= _ 3 N e r ey,

© Ama2(2u+ )

In the Dirac point: q~T/hv

q K Qe == T < A,

For all realistic temperatures
anharmonic coupling is important !!!

32



Quasielastic scattering by FP: effect of anharmonicity

V = g1(Vh)?/2 (hqht) = 2T (Q)

7 q4 dc

Drude conductivity in the Dirac point

L3

Golden Rule
2
1 1.4 Z2¢°T* ( €] ) ! / calculation

Y

Tt'r(e) h|6| V TAC
I g—]‘ ~
- e N (Ac)n Ve P
ph = h 16.5 Z292 1 N= 4 spinxvalleys

For room temperature and n = 0.72
2 2
(A:/T)" ~10%, op, =~ 0.5e"/h

33



Electron-Electron interaction:

1) velocity relaxation = additional scattering

Kashuba, PRB (2008
e? 1In?2 (2008)

~h 27w q2

Oee

0 2
e 0 €

e = 11 (g0/)In(A/T) ¢~ hwup

h/Tee ~ Ng°T, fore~T

2) screening of deformation potential

E.Mariani, F.von Oppen, PRB (2010)
g

TTIF 2me? NII(Q) /kQ

I1(Q) - polarization operator




Interplay of e-ph and ee interaction

Temperature dependent coupling constants

T n
G =2NZ?%¢? (A—) . G. = g-N-~
e’ N?1n 2
Oee+ph — h E(G, Ge)

dimensionless function

In the absence 1

of screening =) (G, Ge) = G+ G,

35



Scattering by screened FP

( Tln2 finite 7, Dirac point:
—— T/h ’
Q) — 4 Th2e? O @< T/hv M.Schutt, P.Ostrovsky,
Q for Q> T/hv [.Gornyi, A.Mirlin, PRB (2011)
\ ].Gh'U’

Dirac point: more e-h pairs = stronger screening

€
Q ~ le|/hv g J i

; , , fore—20
1+ geNT /€] gcNT

coupling with phonons is fully screened in the Dirac point !!!
4 62
ho Z7g°T? ( €|

o~ e \JTA, (N T
Tir (€) 1, for €> g.NT

for e € g NT

de

o Oc| 205wy Oph X f €lTpn(€)de o /€1+2n

divergent!!! = low energies
shunt conductivity = phonons are
strong but can not limit conductivity 36




Competition between screened FP and ee collisions

de

1
— o |20 mmp Oph X f €| Tpn (€)de ox /€1+2n

divergent!!!=»  low energies
shunt conductivity

Plasmon-assisted scattering

h
— X A /|€‘T / N for &> 0 MsSchutt, POstrovsky, LGornyi,

AMirlin, PRB (2011)

T ee
£ 4 _
1 l 58 new energy
— 2(1+m) ‘ 0 scale within the
T X \/E T € T >--I_ temperature
window

2/144n G\ 3/1+4n
ﬁ ~ (%) <1, > (—e)

37



Electron - electron interaction =

p—

Transport regimes Gornyi, Kachoroskii, Mirlin,

A G e Phys. Rev. B 86, 165413 (2012)
//
Ge =G
7
/
/7 3
/ &) itan
/// D~ ( -~
7 2
,\/ €T v (&) 1+4+4n
“““““ G
2 ~J 1 // \\
- 5 // _2(2n—1
€/ Ge =G 3
// ~ G. = G
/ S~ e = NG+am)/3
4 1
/7 2~ =
/ G

Temperature —>
GoxT" quantum limit at high 7'! 38




Temperature dependence of conductivity

2.

disor- 1 ee

der |

| Quantum limit:

FP

screened FP

Key points:
1) T'is absorbed
by 6[7] and G| 7]

G o T

2) Charged impu-

rities:

B — i — — i — ] — 1 — — ] — ] — — ] — — — ] — ] — ] — ] — ] — — ] —— - - I ——— — -

oc~e*N/h

3
G, @, %D

GeN 3

1+417

>

G

“insulating”
behavior at low T
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Away from Dirac point: effect of impurities

1 ~ T4 b o e?N /er;(e) N u? + T
. FL h e—pu~T f n;
charged impurities without phonons

1 1 1
: = +
Phonons (e, T) ‘ (6 T " 7i(e)

rir (€, T) % 7i(e) = 72 (1) /Ton (11, T)
2N <€Ttr(e,T)> « u? | T2 ut? ()
e—pu~T

O X ——

h h n; n; Tph (H/a T)
2 2(14+ T'- dependence
5 T 19/ (14n) T2_77 is “insulating” for
O X > small z and “metallic”

Ty T for large u
40



Comparison with experiment

K. Bolotin, K.Sikes, ].Hone,
H.Stormer, P.Kim, PRL (2008)

(a) 8 K

90K

Before annealing
U(SK) = 28.000 cm?/Vs

2L

(b) After annealing
“insulating” H(SK) = 170.000 cm?/Vs
behavior
90 K
s 150 K
25 e?/h

230K «metallic »
behavior

—_
o
—_
(2%

Suspended graphene
(experiment):

“metallic” < “insulating”
T-dependence
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Suspended graphene (theory) : “metallic” <»“insulating ” T-dependence

Realistic samples: disorder + Coulomb + phonons

4
Gornyi, n;= 5x10 em”
3} Kachorovskii,
A~ | Mirlin, PRB'12
L= |
.
p—
(s
=-2.0 -1.0 ] 1.0 2.0
o2 0\
n(l0 ecm ) =600 K
FIG. Resistivity as a function of electron concentration

at n; = 5 x 10° em™? and different temperatures (T/1K =
5. 40, 90, 150, 230) increasing from the bottom to the top
at large n. Within the grey area temperature dependence is
“insulating”, while outside this region 1t 1s “metallic”.
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Suspended graphene (theory) : “metallic” <»“insulating ” T-dependence

4() 0 ,
n.=10 cm

—_—

= Gornyi

T L~ « P )
MQJ T~ metall.lc Kachorovskii,
- 20¢ ———=-__behavior Mirlin, PRB'12

O

FIG. . Conductivity at fixed impurity concentration (n; =
10 em -) for different values of chemical potential (1/1 K =
0, 10, 20, 30, 35, 40, 45, 50, 60, 70, 80, 90} increasing from
the bottom to the top. Dashed line corresponds to SCBA
limit o = 4e? /7h.
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Effect of disorder on crumpling transition

— D ﬁ 2 wa _ T_d B A }
e~ F@®/T _ /’ T e f I x{2T [Ar + BRI + 5 Xas(9ardpr — Sap) — ) (xiﬁ ot wxﬁa)

\

random vector with

d
the statistical weight: P(B) = exp [_@ / d”zB* (X)]

: ZN —1
(InZ)p = 1¥Ln0< N >‘G
- Bs*

M = 5 ( %AZ _I_ 'eraaXaﬂa’B) _l_ TA2 nj m = 1) coes N

Xag = —1X0ap

dPk 4 2 4 2 4%
lndet M = / 2m)D [ —1)In (sck* + Txk?) + In (%k + Txk“ — NBk T

Tx> 1 (" dPk
2u+AD D J, (2m)P

Fepp o x(1—€%) +

2
[ln (2k* + Txk*) — Back ]

T (k? + xT)

disorder-induced

contribution 14



Saddle-point equations

OFcss

— 0= i 2T =z/‘ dPk 1 Bx*k?/T
Ox L=t X5 3D =D @b e+ T T G £ T2
OFcyy \ |
=0= =0
¢ X Y
In the flat phase: £ 7é 0= X — 0 l;;t:rtgzrg: lpogzrithmically
de? 1 (T
—— =——\|—4+0bB &> 0, for certainvalue of L
dA 4m \ »
thermal T : T ‘
fluctuations disorder _
Flat phase is destroyed both by thermal
fluctuations and by disorder
A=1In(L/a)
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2 1+ 3Bx/T + B*x?/T?

+ 2B /T)?

(Bs/T)°

(14 2Bs/T)?

F = f»x — const

o 2,
. dA ~ d (1
RG t
equations . (3%2)_2
dA\ T ) d
Rescaled parameters
~ 9 2 ¢2
= n€ _ Bre
T
d _ 2f(1+3f)
dA —  d(1+2f)?
(1+2f) NI
dx g;{(1+3f+f‘~’) T
dAN  d= (1+2f)2 47
ag? A+ NT
dA 43¢



Results:

Critical bending rigidity Non-monotonous scaling
becomes disorder dependent of bending rigidity
~ ~ non-monotonous
¥er (fo) »  dependence
421 ——————————— 4&1 /
8 ﬂat 8m
crumpled
Td Td |
87 8T

> Jo

\
~

= T Taparan? [ fariesy+se
TNV T8 | 7 1sf fT 1+3f"
f

47



Rescaled disorder strength increases exponentially and then saturates

F Gornyi, Kachorovskii, Mirlin, in

O fO / 3 preparation, similar result for D=4:
— VY € Morse, Lubensky, Grest,
F 0 PRA 1992

df 2 f(1+3f) 3
TR AT, — f:f—ﬁln(Lq*),forf»l

—1 €2df 0/3 ripple size???

£ S

M) characteristic scale: Lo ~ q

Disorder generates new correlation functions

1
Conv.entional correlation (hqh_q) —~ 574 SN hrms X Ll_l/ d
function q
flat phase
i . \\ ~
Disorder-induced 1 1-2/d
correlation function (hq)(h—q) W —) hrms o L
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Main results

Anharmonicity crucially effects elastic
transport properties of graphene

Power law scaling of conductivity (o) with T

“Metallic” < “insulating” 7-dependence of &

Formation of ripples in disordered graphene

and

49
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